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1. INTRODUCTION 
Let T = (- co, a), T+ = [0, co) and x :- (x1 ,..., xM) denote a point in a 
bounded open connected subset D of a M-dimensional Euclidean space RM . 
The boundary of D is denoted by aD and its closure by D. Let L,(D) 
(1 < p < co) denote the Banach space of all real scalar-valued Lebeague 
measurable functions u defined on D such that 
11 u 11~ = (jD 1 u(x) lpdxjl” c m if p < a, 
11 u llDo = ess sup{) u(x) I , x E D} < co if p= co, 
Let 
L(D) = n W). 
It is known [I] that if the total measure of D is finite, then 
-L(D) C -L(D) CUD) C W’) for 1 <p<oo, 
and the inclusions are proper; moreover, L,(D) is dense in L,(D), and L,(D) 
is dense in each L,(D). Also, 
II u Jim = lim II u I& . 
P-tm 
(1) 
Consider a partial differential equation of the form: 
g = .4(t) 24, t >o, (2) 
with initial data 
u(O) = uo 7 (3) 
where A(t), for any t > 0, is an operator (not necessarily linear) with domain 
g(A(t)) and range W(A(t)) in L,(D), and u. E g(A(0)). 
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The main problem here is to establish conditions on A(t) such that the 
solutions u(t) to the Cauchy problem (2) (3) have the maximum property 
il W Ilm < II u. IUrn (44 
or 
II u(t) lloc 3 II uo Ilm (4b) 
for all t > 0 and all u. E 9(A(O)). Property (4a) obviously implies stability 
of the trivial solution of (2) with respect to the “ess sup” norm (in the sense 
of Lyapunov). 
For the special case where D is a bounded domain with a smooth boundary, 
and A(t) is a Laplacian operator with boundary condition u = 0 on aD, 
Bellman [2, 31 and Bochner [4] used identity (1) to establish the maximum 
property (4a). Here, we shall use Bellman’s approach to characterize certain 
classes of operators for which the solutions to the corresponding Cauchy 
problem (2), (3) h ave maximum property (4a) or (4b). The application of 
some of the results to a distributed control problem will be discussed toward 
the end of the paper. 
2. CHARACTERIZATION OF OPERATORS 
Consider an operator A (not necessarily linear) with domain 9(A) and 
range 99(A) both in L,(D). We shall call A strongly dissipative, if there exists 
a positive constant k such that 
s D (u(x))““” (Au) (x) dx < - k II u II;% (5) 
is satisfied for every integer p > 1 and every u E 9(A); and we shall call A 
strongly uccretive, if - A is strongly dissipative. Note that for A linear, 
strong dissipativity implies dissipativity in the sense of Phillips [S], and 
strong accretivity implies monotonicity in the sense of Minty [6]. 
Let II* be a nonzero element in&(D) and (, ) denote the usual inner pro- 
duct on L,(D). Let Sz* and S;* be half-spaces defined by 
A’;* = {u EL,(D) : <u* , u) > 0). 
S,; = {u EL,(D) : (u* , u) < O}. 
Clearly, @p-l E S;f, for every integer p > 1. If A is strongly dissipative, 
then (A + k’l) u* E SUL, for every k’ E (- co, k], where I is the identity 
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operator, moreover, (5) implies that for every nonzero u* E 9(A), 
~:,-l E Sg n V for every integer p > I, where 
Similarly, if A is strongly accretive, then (A - k’l) u.+ E Su’, for every 
k’ E (- co, k]; and for every nonzero u* E 9(A) and integer p 3 1, 
if,-1 E Su’, A v’, where 
Now, consider a one-parameter family of operators {A(t)}, t E T’ C T, 
with B(A(t)) and 9?(A(t)) in L,(D) for each t E T’. We shall call {A(t)) 
strongly dissipative [accretive] on T’, if for each t E T’, A(t) is strongly dissi- 
pative [accretive]; the parameter K in (5) may depend on t. 
First, we shall establish a result analogous to that of Wintner and Waiewski 
[7] for ordinary differential equations. 
LEMMA 1. I f  {A(t)} satis$es the double inequality 
for every integer p > 1, t E T+ and every u E a(A(t)) CL,(D), where k, 
and k, are integrable on every finite interval (0, t) C T+, then the solutions u(t) 
to the corresponding Cauchy problem (2), (3) satisfy the estimates: 
II u. /lm exp 11 k,(T) dT < II W Urn G II u. /Im exp /I b(T) dT (7) 
for all t E T+. If, in addition, k, has the property that 
Vii sup jt k,(T) dT < 03, 
0 
then, Ij u(t) Ilm < co for all t E T+. 
PROOF. Multiply both sides of (2) by 2p~sp-~ and integrating over D, and 
using (6) lead to 
2pko(t)JP(t) < y  = 2P<UzP-‘(th 49 U(t)> G W,(t) J&) 
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for all t E T+, where J,.,(t) = ]I u(t) /I$. Thus, 
for all t E T+. (9) 
Taking 2pth roots and limits (p -+ co) of each term in (9) and using 
identity (1) give the desired estimates (7). The fact that 11 u(t) ‘loD < CO for 
all t E T+ follows trivially from (7) and (8). 
Using Lemma 1, the following result can be readily established. 
THEOREM 1. If  {A(t)} is strongly dissipative [accretive] on Tf with 
g(A(t)) CL,(D) for every t E T i, and k (deBned in (5)) is integrable on every 
jnite interval (0, t) C T+, then the solutions u(t) to the corresponding Cauchy 
problem (2), (3) h ave maximum property (4a) [(4b)]. If, in addition, h has the 
property that 
I 
t h(T) dr --f co as t+cfJ, (10) 
0 
then 
II 44 IL + O[al as t-+ al. 
The following theorem generalizes a result of Bochner [4]. 
THEOREM 2. Let T’ _C T and u : T’ -+ L,(D) be twice dz@rentiable with 
respect to t and satisfies 
- = A(t)u on T’. at2 (11) 
If {.4(t)} is strongly accretive on T’, then /I u(t) jjrn is a convexfunction oft on T’. 
If, in addition, au/at = 0 at t = to E T’ and lim,,, d (( u(t) &,/dt exists 
uniformly on T’, then (1 u(to) IJoD < 11 u(t) Jim for all t E T’. 
PROOF. Let IJt) = 1) u(t) ljsD . By differentiation, 
p-l(t) y = 1 D (u(t, x))2+-1 q$ dx, (12) 
(2p - 1) q-+(t) (Y), + p-‘(t) v = r)l + (2p - 1) 7s , (13) 
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where 
7l(t) = 
! 
dx T= .I’, (u(t, x))Q-l (A(t) u) (x) dx, (14) 
am = D (u(t, x))~,-~ w dx. (15) 
By using Schwarz’s inequality, it can be readily deduced from (12) and (15) 
that 
(16) 
Combining (13) and (16), and using the strong accretive property give 
p-l@) ( 
-j >, 71(t) = SD (4t, x)> 2"-'W) MC *>I (4 dx 
@y) 
3 k(t) I?(t) > 0. (17) 
It is evident that d21,(t)/dt2 > 0, implying the convexity of Z(t), p 3 I. 
From identity (1) and the fact that the limit of a sequence of convex functions, 
if it exists, is also convex, 11 u(t) Ijm is convex. If, in addition, au/& = 0 at 
t = to E T’ and Em,,, d j/ u(t) lI,,/dt exists uniformly on T’, then, from (12), 
t, is a stationary point of I/ u(t) II= . Consequently, II 4&J lIm < II u(t) Ilm for 
all t E T’. This completes the proof. 
REMARK. Using a result of Caplygin [3] and differential inequality (17), 
the following estimate for u(t) in Theorem 2 can be readily established: 
II 4t) IL 3 + (II @(to) Ilm + ff-1/2 (1 g (to) llm) exp(@/2t) 
+ + (II 443) Ia - H2 II z (to) L) exp(- N2t) 
for all t > t, and t, t, E T’, where R = inftgl, k(t). 
Now, we shall establish sufficient conditions for various specific types of 
operators to be strongly dissipative. 
First, consider a second-order differential operator of the form: 
A,(t) = 5 Di(ati(t, x) Dj *) + ; bc(t, x) Dk(*) + c(t, x) (.I, (18) 
id-1 h-1 
where Di k api . 
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Let Cm(D) denote the set of all real scalar-valued functions defined on D 
having continuous derivatives up to the mth order, and C,,m(D) denote the 
set of all functions in Cm(D) having compact support in D. The following 
assumptions are made regarding A,(t): 
(i) A,(t) is uniformly elliptic in Dr = T+ x D, where D has a smooth 
boundary so that Green’s theorem holds on D. By definition of uniform 
ellipticity, there exist two positive constants pa and p1 such that 
for all real vectors e = ( fI ,..., tM) and all (t, x) E DT . 
(ii) The coefficients a,? and bk are continuously differentiable with respect 
to xi in D,; and c is continuous in D, . Moreover, there exists a positive 
constant y such that 
THEOREM 3. Assume that A,(t), giwen by (18), satisfies conditions (i), (ii) 
and .9( A,( t)) Z Co2( D) f OY every t E T+. If there exists a constant k such that 
inf f D,b,(t, x)! ,<-k<O, (20) 
(LXWT I;=1 
then (A,(t)} is strongly dissipative on T+. 
To prove Theorem 3, we need the following well-known estimate: 
LEMMA 2. If v E C,l(D), then there exists a constant W depending only on D 
such that 
W II u II; < jD c” I &W I2 dx. 
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PROOF FOR THEOREM 3. Let u be a function in Co2(D). Consider the 
functional 
s D (u(x))~“-’ (A,(t) u) (x) dx = f Vi , 
i=l 
(21) 
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r/, = i D (u(x))““-’ 7gl w, x) DkU(X) dx, Wb) L 
v3 =s D c(t, x)(u(x))“” dx. WC) 
By assumption (ii) and u E Car(D), the integrands of Vi , i = 1, 2, 3, are 
integrable over D for any t E T+. B y partial integration assumption (i), 
Green’s theorem and the fact that u has compact support in D, we have the 
estimates: 
vl G - (2~ - 1) PO jD (4x>)““-” f I D&4 I2 dx, 
i-1 
(23) 
(24) 
Using (23) and Lemma 2 (identify w with up) gives 
Combining (22c), estimates (24) and (25) leads to 
It is evident that under condition (20), {A,(t)) is strongly dissipative on T+. 
l?hus, the proof is complete. 
From Lemma 1 and Theorem 3, the following results can be readily 
stablished: 
(R-I) The solutions to the Cauchy problem for the parabolic equation 
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associated with the uniformly elliptic operator in Theorem 3 satisfy the 
exponential estimate: 
I/ u(t) /lm 6 II u. /lm exp(-- W for all t E T+, (26) 
where h is defined by (20). Note that (20) implies SU~(~,~)~+ c(t, x) < 0 
(GO if k =0), h’ h w ic is consistent with the conditions of the maximum 
principle for parabolic equations [8]. 
(R2) Let A,(t) be a nonlinear operator of the form 
A,(t) u = A,(t) u +ftt, 4, t E T+, u E ww)), 
where A,(t) satisfies the conditions of Theorem 3, and f is nonlinear in u such 
that for some 71 > 0 
If@, 4 (4 I G rl I 44 I ? x E D, 
for all t E T+ and all u E 9(A,(t)). If there exists a constant k (defined by (20)) 
such that li > 7, then (A,(t)} is strongly dissipative on T+. 
Results similar to Theorem 3 can be established for certain nonlinear 
elhptic operators. For example, Theorem 3 remains valid when the coeffi- 
cients aij in (18) are functions of t, x and u, and (19) is satisfied for 
all (t, x) E DT and all real U. 
Now, consider an integrodifferential operator of the form: 
A&t) = SD K(t, x, x’) (*) dx’ -l- f b,(t, x) Dk(.) + c(t, x) (*). (27) 
&l 
It is assumed that the coefficients 6, and c satisfy certain smoothness 
conditions analogous to condition (ii) associated with A,(t); also, the kernel K 
is continuous in T+ x D x D and there exists a constant v such that 
(t,X,x’;%xDxD 
1 qt, x, x’) 1 < v. 
THEOREM 4. Let 9(A3(t)) C Col(D) for mery t E T+. If there exists a con- 
stant k such that 
A= sup c(t, x) (v++ 0, 4 (tiX:fDr 5 D,b,(t, x)1 + VP(D) < - k < 0, h=l 
(28) 
where p(D) = meas D, then {Aa( is strongly dissipative on Tf. 
PROOF. Consider the functional 
s D (u(x))+* (A&) u) (x) dx = I’; + V, + V, , 
where V, and V3 are defined by (22b) and (22c), respectively, and 
r’; . 
is 
D D (u(x))-I K(t, x, x’) u(x’) dx’ dx. 
Using the fact that for p(D) < 00 and 0 <p < y < CD, 
we have 
Using estimates (24) and (29), we have Vi + Va + Vs < & /) u [I?$, 
where & is defined in (28). Clearly, under condition (28), (As(t)} is strongly 
dissipative on T+. This completes the proof. 
The foregoing result is useful in certain problems in transport theory. 
The details will be presented elsewhere. 
3. A CONTROL PROBLEM 
Consider a distributed control process described by a partial differential 
equation in the form of (2) with an additive controlf, i.e., 
T>O, (30) 
with initial data U(O) = uO. 
An optimal control problem is to find a control law f(t, U) in a 
given admissible class, which minimizes the maximum deviation 
We observe that if there exists an admissible control law f such that 
{A(t) + f(t, -)} is strongly dissipative on T +, then f is optimal. In particular, 
if {A(t)} is strongly dissipative on Ti-, thenf = 0 is an optimal control. 
In many physical situations, it is of interest to reduce 1) u(t) [IDo as quickly 
as possible by means of simple control laws. We shall examine two special 
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(a) Direct linear control:f,(t, x) = - g(t, x) ~(t, x), whereg is a specified 
positive function of its arguments. 
(b) “Relay” control: f.(t, x) = -F,, sgn u(t, x), where F. is a positive 
constant; sgn (u) = & 1 for u 2 0 and sgn (0) = 0. 
Let {A(t)} in (30) be strongly dissipative on T+ and the solutions to the 
uncontrolled process ((30) with f = 0) satisfy an exponential estimate 
II u(t) IL d II u. IL exp(- 4 for all t > 0. (31) 
For the case where f = fi , the solutions satisfy 
II W Ilm < II *, Urn expf- 0 + 4) t) for all t 3 0, 
where kr = infc,,,+.g(t, x). For the case where f = fi , estimate (31) 
remains valid since 
Thus, II u(t) ll;Z; 3 11 ‘@I 16 and 
II 4-J) Ilm 
II 49 IL < II u. IID0 exp(- 6~ SF0 II u. IL1) t) (32) 
for all t 2 0. The inequalities (31) and (32) can be used to estimate the 
effectiveness of the control laws in the sense of speed of response, 
Finally, we note that for cases where the control laws are specified any 
sufficient condition for strong dissipativity of {A(t) +f(t, m)} on T+ with a 
constant k > 0 (defined in (5)) 1 a so p rovides complete stability of the con- 
trolled process with respect to the “ess sup” norm. 
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